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Contrasting ground states of quantum magnets with the integer and half-integer spin moments
are the manifestation of many-body quantum interference effects. In this work, we investigate the
distinct nature of the integer and half-integer spin quantum spin liquids in the framework of the
Kitaevs model on the honeycomb lattice. The models with arbitrary spin quantum numbers are
not exactly solvable in contrast to the well-known quantum spin liquid solution of the spin-1/2
system. We use the tensor network wavefunctions for the integer and half-integer spin quantum
spin liquid states to unveil the important difference between these states. We find that the distinct
sign structures of the tensor network wavefunction for the integer and half-integer spin quantum spin
liquids are responsible for completely different ground states in the spatially anisotropic limit. Hence
the spatial anisotropy would be a useful diagnostic test for distinguishing these quantum spin liquid
states, both in the numerical computations and experiments on real materials. We support this
discovery via extensive numerics including the tensor network, DMRG, and exact diagonalization
computations.
Introduction - Recently there have been immense
experimental and theoretical efforts to unveil a quan-
tum spin liquid state in frustrated magnets with bond-
dependent interactions, which include α-RuCl3[1–22] and
various polymorphs of Li2IrO3[23–30]. These activities
are largely motivated by the prospect of realizing the Ki-
taevs spin-1/2 model on the honeycomb lattice, which
allows an exact solution of the quantum spin liquid[31].
Moreover, a number of candidate materials for the spin-
1 and spin-3/2 analogs have also been proposed[32–34].
Given that the integer and half-integer spin models of-
ten support different kinds of quantum ground states, it
is interesting to explore whether there is any fundamen-
tal difference between the integer and half-integer spin
quantum spin liquid phases.
In this work, we investigate distinct signatures of the
integer and half-integer spin quantum spin liquid states
via the tensor network wavefunctions and other numeri-
cal tools. In contrast to the spin-1/2 model, the higher-
spin Kitaev models are not exactly solvable. On the
other hand, there exist numerical studies of the S = 1
Kitaev model supporting the existence of a quantum
spin liquid ground state[32, 35–40]. In particular, an
earlier study proposes the tensor network wavefunction
for the S = 1 Kitaev quantum spin liquid[37]. Here we
present the tensor network wavefunctions for arbitrary
integer spin quantum number and contrast its proper-
ties with those of the spin-1/2 wavefunction. It is shown
that the spatial anisotropy in the exchange interactions
in the Kitaev model can be used to uncover important
differences between the tensor network wavefunctions of
the integer and half-integer spin moments. It has been
known that the spatially anisotropic limit of the Kitave
model for the S = 1 and S = 1/2 systems leads to the
trivial product state and Toric code topological state
respectively[31, 41].
We find that this phenomenon can be understood as
a result of different sign structures of the tensor network
wavefunctions of the integer and half-integer spin sys-
tems. We explicitly demonstrate that the tensor network
wavefunction of the integer spin systems allow the phase
transition to the trivial product state in the anisotropic
limit while the non-trivial sign structure of the half-
integer spin tensor network wavefunction is the obstruc-
tion to form a trivial product state. This contrasting be-
havior is generic and represents an important difference
between the integer and half-integer spin Kitaev quan-
tum spin liquids.
FIG. 1. (a) Graphical representation of the Kitaev hon-
eycomb model where the red, blue and yellow bonds denote
the x, y and z bonds, respectively. (b) Schematic figure of
the loop gas and string gas states that we utilize to find the
ground states.
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2Model - The Hamiltonian of the spin-S Kitaev hon-
eycomb model reads H =
∑
〈ij〉γ H
γ
ij with H
γ
ij =
−KγSγi Sγj , where 〈ij〉γ denotes the nearest-neighbor pair
i and j sites on the γ-bond, and Sγ is the spin-S op-
erator with γ = x, y, z. The model possesses a set of
local conserved quantities, the so-called flux wp = ±1,
which is defined on every hexagon plaquette (p). It can
be detected by the flux operator Wp = U
x
0 U
y
1U
z
2U
x
3 U
y
4U
z
5
where Uγj = e
ipiSγj , and sites 0-5 are shown in Fig. 1. Note
that the ground state of the spin-1/2 Kitaev model be-
longs to the vortex-full sector in the current definition
of the flux operator, i.e., {wp = −1}[31]. On the other
hand, that of the spin-1 model is in the vortex-free sector
{wp = +1}[36, 37, 42]. One can define a projector op-
erator projecting any quantum state into a desired flux
sector (S): ∏p(1 + (−)lS,pWp) where lS,p = 0, 1 deter-
mines the flux number at plaquette p depending on the
desired sector S, e.g., lS,p = 0 (1) for all p if the target
sector is the vortex-free (vortex-full). Expanding the pro-
jector operator, it can be recast as the summation over
all possible loop configurations of product of Uxi , U
y
i and
Uzi along the loops. Since all configurations are equally
weighted, we refer the projector as ‘loop gas’ (LG) op-
erator: QSLG. Taking into account this structure, the LG
operators for the spin-1/2 and spin-1 models were re-
cast as the bond dimension D = 2 tensor network (TN)
in Refs. [37, 43], respectively. Applying QSLG to a prod-
uct state generates the so-called LG state as illustrated
in Fig. 1 (b), which serves a great trial wavefunction to
simulate the ground state of Kitaev models[37, 43, 44].
Note that the physical and topological properties of the
LG state depends on the initial product state that the
QSLG is applied to[44].
Loop Gas Operator - Here, we generalize the LG oper-
ator to general integer and half-integer spins. The local
tensor Qijk of the TN operator is defined as
Q000 = I2S+1, Q011 = ζ Ux,
Q101 = ζ U
y, Q110 = ζ U
z, (1)
where ζ is an extra phase factor which is the unity for
integer spin while −i for half-integer spin. Note that the
non-trivial phase cannot be eliminated by a gauge trans-
formation, and it plays a key role determining the non-
trivial entanglement structure of the half-integer spin
model in the strong anisotropic limit as shown below.
Contracting the TN with Qijk, one obtains the vortex-
full projector QfullLG =
∏
p(1−Wp) for half-integer spin and
vortex-free projector QfreeLG =
∏
p(1+Wp) for integer spin.
See Supplemental Material at [URL will be inserted by
publisher] for more details. Using the Z2 gauge symme-
try, one can easily obtain QfullLG for integer spin and Q
free
LG
for half-integer spin by inserting a proper tensor in the
TN as shown in Table. I. In a similar way, one can con-
struct QSLG for an arbitrary flux sector S by decorating
the TN of Q
full/free
LG for each case.
spin integer half-integer
QfreeLG
QfullLG
TABLE I. Graphical TN representation of the projector
Q
free/full
LG for integer and half-integer spins. Here, the gray
circle stands for the Q-tensor defined in Eq. (1), and the red
square for the Pauli matrix σz.
Strong Anisotropic Limit - In the strong anisotropic
limit (say Kz = 1 and Kx,Ky → 0), the Hamiltonian be-
comes Hz = −
∑
〈ij〉z S
z
i S
z
j . Then, using [Hz, Q
S
LG] = 0,
one can easily verify that a wavefunction |ψSz 〉 = QSLG|↑〉
becomes the exact (degenerate) ground state of Hz re-
gardless of the spin magnitude S, where | ↑〉 = ⊗i| ↑i〉
stands for the product state of fully polarized magnetic
state aligned in the z-direction, i.e., Sz = +S. See Sup-
plemental Material at [URL will be inserted by publisher]
for more details. Therefore, one can always find the ex-
act ground state at the strong anisotropic point in the
D = 2 TN representation regardless of spin-S. Now, we
show how the extra phase ζ in the Q-tensor affects the
resulting state. To this end, we first note that the lo-
cal state | ↑j〉 is transformed under the action of Uγj as
follows: Uxj | ↑j〉 = eipiS | ↓j〉, Uyj | ↑j〉 = (−)2S | ↓j〉 and
Uzj | ↑j〉 = eipiS | ↑j〉. Then, let us apply a loop operator
generated by the LG operator to | ↑〉 as illustrated below:
. (2)
Here, the filled ellipses stand for effective spin-1/2’s, i.e.,
red: |↑˜i〉 = | ↑i↑i+zˆ〉, blue: |↓˜i〉 = | ↓i↓i+zˆ〉, and the thick
gray line denotes the loop operator. Note that the loop
operators flip some of the effective spins and generate an
overall phase factor ζLeipi4nS depending on its length L
and shape of the loop determining an integer n. The
phase factor eipi4nS is the unity regardless of the (origi-
nal) spin magnitude. It denotes that, in the case of in-
teger spin (ζ = 1), |ψfreez 〉 = QfreeLG |↑˜〉 consists of all kinds
of effective spin-up/down configurations with the same
phase in the thermodynamic limit. Since there is no pre-
ferred direction of the loop [Eq. (1)], the probability that
a z-bond is occupied by a loop is half. Consequently, the
3resulting state in the thermodynamic limit is recast as
|ψfreez 〉 =
⊗Nz
i=1
1√
2
(|↑˜i〉+ |↓˜i〉) with Nz being the number
of z-bonds. This can be directly checked by computing
the overlap between QfreeLG | ↑〉 and
⊗Nz
i=1
1√
2
(|↑˜i〉 + |↓˜i〉)
with the proper normalization. To see this, we first note
that the norm of the LG state is equivalent to the number
of configurations of the eight vertex model (Z8ver) on an
effective square lattice obtained by combining two sub-
lattices on the z-bond:
〈ψS |ψS〉 = 〈↑ |(QLG)2| ↑〉 = Z8ver〈↑ |QLG| ↑〉 = Z8ver.
Here, we use the facts that QSLG is hermitian for the first
equality, the product of two loop configurations leads to
another loop configuration for the second equality, and
that a loop operator (products of Wp) flips some of up-
spins to down-spins for the last equality. See Supple-
mental Material at [URL will be inserted by publisher]
for more details. Then, taking into account the normal-
ization, one can directly evaluate the overlap:
1
(Z8ver2Nz )
1
2
Nz⊗
i=1
(〈↑˜i|+ 〈↓˜i|)QfreeLG | ↑〉 =
(
Z8ver
2Nz
) 1
2
, (3)
where we use the fact that all Z8ver configurations ex-
panded by QfreeLG are realized by
⊗Nz
i=1(|↑˜i〉+ |↓˜i〉). Since
the entropy per site of the eight vertex model in the ther-
modynamic limit is log 2[45], the normalization factor be-
comes Z8ver = 2
Nz , and thus the overlap is the unity. In a
similar way, one can verify that the (degenerate) ground
states in other flux sectors can be recast as trivial prod-
uct states as well. Thus, the Z2 gauge symmetry of Q
S
LG
is redundant when it is applied to |↑˜〉 in the case of inte-
ger spin. In brief, the ground state of integer spin model
in the strong anisotropic limit is a simple product state
that is consistent with Ref. [41].
On the other hand, in the case of half-integer spin, the
non-trivial phase ζL prevents |ψSz 〉 = QSLG|↑˜〉 from being
a simple product state irrespective of the flux sector. To
be more concrete, the plaquette operator Wp acting on
| ↑〉 is identical to a plaquette operator W˜p = σ˜yl σ˜zuσ˜yr σ˜zd
acting on |↑˜〉 as depicted below:
.
Therefore, |ψfreez 〉 = QfreeLG | ↑〉 is identical to
∏
p(1+W˜p)|↑˜〉
on the effective square lattice that is the ground state of
the Hamiltonian H˜ = −∑p W˜p, i.e., the effective Hamil-
tonian near the strong anisotropic limit derived by Kitaev
in Ref. [31]. The effective model can be unitarily trans-
formed into the Toric code[31], and thus |ψfreez 〉 hosts
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FIG. 2. (a) Ground state energy and its second derivative
of 24-site cluster obtained by ED (b) Variational energies ob-
tained by the first and second order SG ansatz and ITE as a
function of the model parameter θ. The sharp peaks in the
second derivative of the energy (black solid line) imply that
two phase transitions occur around the isotropic point θ=pi/4.
the Z2 topological order. This applies to higher (half-
integer) spins identically, and we therefore conclude that
the ground state of the half-integer spin Kitaev mod-
els in the strong anisotropic limit is the Z2 spin liq-
uid. It indicates that the ground state phase diagrams
in terms of spatial anisotropy of the integer and half-
integer spin Kitaev model are qualitatively different from
each other. Since the gauge symmetry cannot be spon-
taneously broken[46, 47], the LG picture obtained in the
strong anisotropic limit will survive over the whole phase
diagram irrespective of spin-S. In the case of half-integer
spin, as shown above, the LG hosts the long-range en-
tanglement even at the strong anisotropic limit, and thus
the topologically non-trivial ground states are guaranteed
against the anisotropy. On the other hand, in the case of
integer spin, the non-trivial phase or KSL phase may be
fragile against the anisotropy in that the LG state in the
strong anisotropic limit and can be smoothly connected
to the product state. In order to confirm the validity of
this argument, we present numerical results on the spin-1
model and discuss its phase diagram below.
Phase Diagram of Spin-1 model - To carve out the
phase diagram as a function of the anisotropy, we em-
ploy the ED, DMRG and TN approaches. The Lanc-
zos method[48] is utilized for ED, and the TN of the
infinite system is optimzed with two different schemes,
i.e., the imaginary time evolution (ITE)[49] and varia-
tional wavefunction approach[43]. In Ref. [43], it was
shown that generating open-ended loop, or string con-
figurations as depicted in Fig. 1 (b) is useful to lower the
variational energy, while the physical properties includ-
ing gauge structure and symmetry are intact. We re-
fer the ‘dressed’ LG wavefunction as the string gas (SG)
wavefunction. The anisotropy of the model is param-
eterized as follows: Kx = Ky = sin θ and Kz = cos θ.
It was conjectured that, in the semiclassical limit, the
ground states of the Kitaev honeycomb model live in
the vortex-free sector with higher spin-S[42]. In order
to check its validity for the S = 1 quantum model, we
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FIG. 3. Ground state energy and its second derivative. The
anisotropy of the model is parametrized as (Kx,Ky,Kz) =
(sin θ cosφ, sin θ sinφ, cosφ) (a) The chain limit and (b)-(d)
intermediate regions.
have performed the ED calculations on a variety of clus-
ters and system sizes and then confirmed that the ground
states are in the vortex-free sector over the entire range
0 ≤ θ ≤ pi/2. The system size dependence of the re-
sults and analysis on the flux sector are presented in
details in Supplemental Material at [URL will be in-
serted by publisher]. Based on that, we optimize the
TN wavefunction in the vortex-free sector utilizing QfreeLG .
The energy density (E) and its second derivative (∂2θE)
obtained by ED and TN are presented in Fig. 2. It
is worth noting that the two-parameter SG wavefunc-
tion (SG1) provides reasonable variational energy com-
pared to the ITE optimization only near the strong
anisotropic limit, while the three-parameter SG wave-
function (SG2) gives competitive energy throughout the
phase diagram [Fig. 2 (b)]. Therefore, the ground state of
the S = 1 Kitaev model can be efficiently described by
the SG wavefunction for arbitrary (Kx,Ky,Kz). Both
ED and TN ansatz find two first-order phase transitions
near the isotropic point (θ = pi/4), at which the ground
state is the Kitaev spin liquid (KSL)[37–40]. Note that
the KSL is stable only in a narrow window. In other
words, it is not as robust as the one of the spin-1/2
model with respect to the anisotropy. We find that the
KSL phase is surrounded by a trivial phase smoothly
connected to the trivial product states at each strong
anisotropic point. In the chain limit (θ=pi/2 or Kz =0),
we introduce another anisotropy parameter, say φ, such
that Kx=cosφ and Ky=sinφ. Interestingly, the DMRG
FIG. 4. Schematic phase diagram of the spin-1 Kitaev model,
where the trivial phase is smoothly transformed to the prod-
uct state at each strong anisotropic point.
simulation finds no signature of transition in 0 ≤ φ ≤ pi/2
as shown in Fig. 3 (a). The energy and its second deriva-
tive are featureless without system size dependence. It
indicates that a ground state at the strong anisotropic
point can be smoothly deformed into another without
passing throughout a transition. This is one of the char-
acteristics of the spin-1 model distinguished from the
spin-half model where the strong anisotropic limits are
separated by a quantum phase transition at φ = pi/4[31].
Turning on θ slightly, i.e., weakly interacting chains, the
phase diagram is featureless yet as shown in Fig. 3 (b). In-
creasing further the inter-chain interaction (Kz), the KSL
appears near θ = pi/4 [Fig. 3 (c)] and disappears again as
it approaches the dimer limit [Fig. 3 (d)]. Based on the
exact result in the strong anisotropic limit and extensive
numerical results, we suggest a schematic phase diagram
of the spin-1 Kitaev model in Fig. 4. The gapped or gap-
less nature of the KSL near the isotropic point is not
completely clear yet. However, it is certain that the KSL
phase is fragile and thus survives only in a small region.
We also speculate that the phase diagram is valid even
for higher integer spin Kitaev models.
Conclusions - In this letter, we have provided the TN
wavefunctions of the spin-S Kitaev quantum spin liq-
uids and investigated the difference between the integer
and half-integer spin systems in the anisotropic limit.
First, we have shown that the so-called LG operator
QSLG, which can be efficiently written in terms of the
D=2 TN, maps a particular reference state to the exact
ground state in the strong anisotropic limit. Further, it
has been rigorously shown that the topological nature of
the ground states depends only on the quantum num-
ber of the spin, i.e., integer or half-integer. The integer
spin LG state becomes a simple product state while that
of the half-integer spin sustains the long-range entangle-
ment, leading to the Z2 topological order, i.e. the Topic
code, regardless of the flux sector and magnitude of the
spin. Therefore, in the case of half-integer spin, the non-
trivial topological feature remains throughout the phase
diagram as a function of the anisotropy. On the other
hand, in the case of integer spin, the trivial phase may
take a large portion of the phase diagram, and the Ki-
5taev spin liquid is stable only in a small region near the
isotropic point. Using extensive numerical calculations
including ED, DMRG and 2D tensor networks, we have
carved out the phase diagram of the anisotropic spin-1
Kitaev model. We have confirmed that the ground states
are in the vortex-free sector throughout the phase dia-
gram as a function of the anisotropy and further found
that the strong anisotropic limits are adiabatically con-
nected each other. It has been also shown that indeed
the trivial state occupies a large portion of the phase di-
agram and the S=1 Kiatev spin liquid state is confined
to an area near the isotropic point. The sensitivity of the
integer spin Kitaev spin liquids and the robustness of the
half-integer cases would be an important diagnostic tool
for future numerical studies of more general theoretical
models and experiments on real materials.
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1Supplemental Material
SPIN-S LOOP GAS OPERATOR IN THE TENSOR NETWORK REPRESENTATION
In this section, we discuss the LG operator, QLG, in the tensor network (TN) representation. The Hamiltonian of
the Kitaev model of general spin-S reads
H = −Kx
∑
〈ij〉x
Sxi S
x
j −Ky
∑
〈ij〉y
Syi S
y
j −Kz
∑
〈ij〉z
Szi S
z
j , (1)
where 〈ij〉γ denotes the nearest neighboring sites i and j on the γ-bond, and Sγ is the spin-S operator. The flux oper-
ator commuting with the Hamiltonian can be defined as Wp = U
x
1 U
y
2U
z
3U
x
4 U
y
5U
z
6 with the local spin-rotation operator
Uγj = e
ipiSγj . Then, the flux operator satisfies the following commutation relations regardless of S: {Uγ , Sγ′} = 0
for γ 6= γ′, [Uγ , Sγ ] = 0, and thus [Wp, H] = 0 irrespective of the choice of Kx, Ky and Kz. In addition, the flux
operators on different plaquettes commute each other, i.e., [Wp,Wp′ ] = 0 regardless of spin-S. On the other hand,
the local spin rotation operator Uγ satisfies the following commutation relation:
• Integer spin: UγUγ′ = 2γγ′γ′′ × Uγ
′′
• Half-integer spin: UγUγ′ = −γγ′γ′′ × Uγ′′ for γ 6= γ′, (Uγ)2 = −1,
where ijk is the Levi-Civita symbol. This difference leads to the fundamental distinction between the integer spin
and half-integer spin LG states in the anisotropic limit.
Integer spin
The TN representation of the S = 1 loop gas (LG) operator defined in Ref. [37] can be generalized to that of integer
spins, and its local tensor, Qijk, is given by
Q000 = I2S+1, Q011 = Ux, Q101 = Uy, Q110 = Uz, (2)
where the dimension of the virtual indices is two, i.e., i, j, k = 0, 1, and I2S+1 denotes the (2S+1)-dimensional identity
operator. Using [Uγ , Uγ
′
] = 0, one can verify the following relations
UxQijk = σ
x
jj′σ
x
kk′Qij′k′ , U
yQijk = σ
x
kk′σ
x
ii′Qi′jk′ , U
zQijk = σ
x
ii′σ
x
jj′Qi′j′k. (3)
The above relation was discussed in Ref. [37] for the case of spin-one but holds for all integer spins. As shown in
Ref. [37], the above relation allows us to verify that the TN operator made of Qijk, say QLG, is identical to
∏
p(1+Wp),
i.e., the QLG operator projects any quantum state into the vortex-free sector.
Half-integer spin
On the other hand, the TN representation of the vortex-free projector for the half-integer spin is has a more complex
structure. We define the following local tensor
Q000 = I2S+1, Q011 = −iUx, Q101 = −iUy, Q110 = −iUz. (4)
Here, we put the additional factor “−i” except Q000, which is essential to construct a projector in the case of half-
integer spin. Note that the TN operator made of Qijk without the additional factor is not a projector due to the
relation {Uγ , Uγ′} = 0. Furthermore, even with the factor, the resulting TN operator, say Q˜LG, is not the vortex-free
2projector but the vortex-full projector, i.e., WpQ˜LG = −Q˜LG or Q˜LG =
∏
p(1−Wp). This can be easily verified using
the following relation:
UxQijk = i vjj′v
∗
kk′Qij′k′ , U
yQijk = i vkk′v
∗
ii′Qi′jk′ , U
zQijk = i vii′v
∗
jj′Qi′j′k, (5)
with
v =
(
0 i
1 0
)
(6)
However, note that, in the current definition of the flux operator, the ground state of the S = 1/2 Kitaev model is
in the vortex-full sector: Wp = U
x
1 U
y
2U
z
3U
x
4 U
y
5U
z
6 = −σx1σy2σz3σx4σy5σz6 . Therefore, the Q˜LG-operator is the desirable
operator at least for the S = 12 Kitaev model. By utilizing the Z2 gauge redundancy, i.e.,
gii′gjj′gkk′Qi′j′k′ = Qi′j′k′ (7)
with g ∈ {I2, σz}, one can easily transform the vortex-full projector into the vortex-free projector by substituting the
non-trivial element of the Z2 group, i.e., g = σ
z, in the tensor network as depicted in Fig. 1. The green square stands
for g = σz that creates the vortices on two plaquettes sandwiching the bond. Note that the representation of the
Z2 invariant gauge group (IGG) applies to the case of the integer spin identically. Therefore, substituting the green
squares into QLG of the integer spin as illustrated in Fig. 1, the resulting TN operator is the vortex-full projector [37]
which is opposite to the case of the half-integer spin. In a similar way, utilizing the non-trivial element of Z2 IGG, one
can easily define not only those two, vortex-free and vortex-full, projectors but also a projector targeting arbitrary
vortex sector with D = 2 TN representation.
FIG. 1. Schematic figure of the vortex-free (vortex-full) projector for the half-integer (integer) spin in the tensor network
representation. Here, the gray circle with three legs stands for the local tensor Qijk, while the green square for σ
z.
THE NORM OF THE INTEGER-SPIN LOOP GAS STATE AT THE STRONG ANISOTROPIC POINT.
In this section, we explicitly show that the loop gas state |ψfree〉 = QfreeLG | ↑〉 is identical to the product state⊗Nz
i=1
1√
2
(|↑˜i〉+|↓˜i〉) , where Nz is the number of z-bond, |↑˜i〉 = | ↑i↑i+zˆ〉 and |↓˜i〉 = | ↓i↓i+zˆ〉. To this end, we first note
that the number of the loop configurations on the honeycomb lattice is identical to the number of the configurations of
the eight vertex model on an effective square lattice, Z8ver. The square lattice is obtained by combining two sublattices
as depicted in Fig. 2 (a), and the eight different partial loop configurations are shown in Fig. 2 (b). Using UαUβ ∼ Uγ
with (α, β, γ) being a permutation of (x, y, z), one can show (QfreeLG )
2 = Z8ver ×QfreeLG . Therefore, the norm of the loop
gas state is identical to the eight vertex model: 〈ψfree|ψfree〉 = Z8ver × 〈↑ |QfreeLG | ↑〉 = Z8ver. In the last equality, we
use the fact that the overlap is zero if a loop configuration contains at least a single loop.
3(a) (b)
FIG. 2. Schematic figure of (a) effective square lattice obtained by combining two sublattices (say z or vertical bonds) and (b)
eight different (partial) loop configurations on the vertex.
DETAILED ANALYSIS ON THE RESULTS OF EXACT DIAGONALIZATION AND DENSITY MATRIX
RENORMALIZATION GROUP
In this section, we discuss the results of exact diagonalization (ED) and density matrix renormalization
group (DMRG) methods.
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FIG. 3. (Color online) (a) S = 1 Kitaev model on a honeycomb lattice up to N = 24 cluster. Periodic boundary conditions
are applied on the black lines with common symbols. Color of each bond corresponds to that in Fig. 1 (a) in the main text.
We calculate the ground state energy per site, E, with ED. Since Wp commutes the Hamiltonian (1), the Hilbert
space of the Hamiltonian can be block diagonalized and classified into each space characterized by the set of the flux
number on each hexagonal plaquette. Although this can reduce the computational cost, first we evaluate the ground
state energy up to N = 20 cluster without the block diagonalization by Wp. Next, to see whether or not the ground
state belongs to the flux free sector where Wp = 1 is satisfied on all hexagons, we investigate the lowest energy of the
flux-free sector up to N = 24 cluster. We summarize both results in Fig. 4.
From Fig.4 (a), we confirm that the ground state belongs to the flux-free sectors when the system size is large
enough. For the N = 16 and N = 18 clusters, the lowest energy of the flux-free sector coincides with the ground-state
energy in θ/pi / 0.2 and 0.24 / θ/pi, while a discrepancy exists in 0.2 / θ/pi / 0.24. This discrepancy exists in the
dimer phase, not in the KSL phase. We consider that this discrepancy is expected to be due to the system size effect.
Actually, for the N = 20 cluster, the difference between the lowest energy of the flux free sector and the ground state
energy becomes negligibly small in 0.2 / θ/pi / 0.24. Thus, the ground state in the thermodynamic limit belongs to
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FIG. 4. (Color online) (a) The lowest energy energy per site, E, at Kx = Ky. Asterisk symbol denotes the ground state energy
obtained by considering the full Hilbert space. Open circle corresponds to the lowest energy in the flux free sector. The region
around θ/pi = 0.24 is magnified in inset. (b) ∂E/∂θ, and (c) ∂2E/∂θ2 obtained with ED.
the flux free sector for 0 ≤ θ/pi ≤ 1/2, which is consistent with the conjecture for the semi-classical model[42]. Below,
we focus on the results for the lowest energy of the flux free sector.
We find that the presence of the KSL phase at θ/pi ≈ 1/4 becomes clear for the N ≥ 16 clusters. The ground state
energy for the N = 16 and N = 18 clusters shows two cusps at θc1/pi = 0.235(5) and θc2/pi = 0.260(5), where the first
derivative ∂E/∂θ show a jump indicating the first-order transition. In contrast, E and ∂E/∂θ for the N = 20 and
the N = 24 cluster probably change continuously and ∂E2/∂θ2 shows local minima at θc1/pi ≈ 0.23 and θc2/pi ≈ 0.27.
Although it is difficult to conclude the order of the phase transition from the ED results for the small clusters, the
KSL phase exists in the narrow region around θ/pi = 1/4. From the ED results, we find that the spin-1 KSL phase
at Kx ≈ Ky ≈ Kz is quite narrow in comparison with that in the spin-1/2 model. This is contrast to the spin-1/2
model, where the gapless KSL state[31] at Kx ≈ Ky ≈ Kz survives up to the chain limit, where two gapped KSL
states also meet at Kz = 0 and Kx = Ky.
In the spin-1 model, the dimer state is stabilized in the limit, Kz  Kx = Ky. This means that three dimer
patterns can be competing by the amplitude of the three Kitaev interactions. In the S = 1/2 Kitaev model, those
three dimer states, namely the gapped KSL states[31], are separated by the quantum phase transition. To see whether
such phase transition exists, we parameterize the anisotropy of the model as Kx = sin θ cosφ, Ky = sin θ sinφ, and
Kz = cos θ, and calculate the φ dependence of the ground state energy at several θs. Figure 5 shows the typical
behavior of E when φ changes. For θ/pi = 1/4, ∂E/∂φ shows two jumps at φ ≈ 0.24pi and φ ≈ 0.26pi reflecting the
KSL phase. Except these two jumps, E continuously changes without any divergence in the first derivative ∂E/∂φ
and the second derivative ∂2E/∂φ2. For θ/pi = 1/6 and 7/6, E also changes continuously and show a maximum at
φ/pi = 1/4. At φ/pi = 1/4, ∂2E/∂φ2 shows minimum, but the system-size dependence is small. Thus, three dimer
states appearing in the dimer limit are adiabatically connected each other.
To clarify the above point, we calculate the ground state energy, entanglement entropy SEE, and the entanglement
spectrum QES at the chain limit with DMRG. Note that SEE = λi
∑
i log2 λi, where λi(i = 0, 1, 2, · · · ) is the eigenvalue
of the reduced density matrix ρ. In DMRG calculation, we applied the open boundary condition to obtain highly
accurate results. The results are shown in Figs. 6 and 7. The ground state energy E in the chain limit changes
continuously against φ accompanied by quite small system-size dependence of ∂2E/∂φ2. Indeed, the entanglement
entropy SEE changes continuously from zero at φ/pi = 0 to unit at φ/pi = 1/2, reflecting the fact that the dimer
state on the Kx bond gradually changes the dimer one on the Ky bond. Such continuous change of the state is also
confirmed from the entanglement spectrum QES. When the interaction for two spins located on the center of the
system is absent, the system is perfectly divided into two parts. At φ/pi ≈ 0, the weakly interacting pairs are located
on the center of the system. Therefore, the largest value of the eigenvalue of the density matrix, λ0, is close to unit.
In contrast, when φ/pi ≈ 1/2, two spins located on the center of the system are strongly interacting each other and
construct the Ising ferromagnetic state with the doubly degeneracy. This causes the doubly degeneracy of λ0 and λ1.
The obtained result indicate that in the S = 1 Kitaev model, two isolated dimer states are adiabatically connected
each other without the quantum phase transition.
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FIG. 5. (Color online) Typical behavior of E, ∂E/∂φ, and ∂2E/∂φ2. θ/pi =(a)1/6, (b) 1/4, and (c) 7/18.
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FIG. 6. (Color online) (a) Ground state energy E at the chain
limit, Kz = 0. (b) The first derivative of E. (c) The second
derivative of E.
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FIG. 7. (Color online) (a) The entanglement entropy, SEE =∑
i λi log2 λi, where λi is an eigenvalue of the reduced density
matrix at θ = 0. (b) The entanglement spectrum, QES.
